The present note is concerned with the numerical simulation of two{dimensional homogeneous decaying turbulence. We employ a Galerkin{type discretization in an adaptive basis of orthogonal wavelets. Therewith the solution is represented by means of a reduced basis being adapted at each time step. It is one of the rst times that wavelet decomposition of a turbulent ow eld is not only used for a posteriori analysis but directly for the computation of the ow in a reduced basis. A classical Fourier method furnishes a suitable reference solution.
Introduction
The direct numerical simulation (DNS) of two{dimensional turbulence has a long tradition. Although it can be shown that from the physical point of view its properties are di erent with respect to three{dimensional turbulence 9], the two{dimensional setting furnishes a convenient environment to test diverse approaches and new techniques. The standard setting is determined by statistically homogeneous ows with periodic boundary conditions. The DNS of such ows aims at gaining understanding for the mechanism of turbulence by considering all scales down to the smallest ones without modelling through closure relations. From a historical point of view there are two main approaches to the description of turbulence, one based on physical space, the other based on wavenumber space a la Kolmogorov. The advent of wavelets in recent years allows for a symbiosis between both approaches as these functions are well localized in space and wavenumber at the same time while still constituting an orthonormal basis in many cases. The present study is concerned with this property in a two{fold way. First it is an essential requirement for the construction of the employed numerical algorithm. Second, it is used to describe a homogeneous turbulent ow eld by means of such a basis in order to reduce the number of degrees of freedom with respect to other methods. Apart from the numerical aspect the long range objective is to possibly describe turbulence as the interaction of an ensemble of some kind of "turbulence elements". Recent reviews on wavelets and their application to turbulent ows can be found in 2], 4]. The present note is an abridged version of 7], 1]. It can by no means be complete, in particular concerning references and due credit to contributions in literature.
Computational setup and reference solution
We consider the two{dimensional Navier{Stokes equations in vorticity{velocity formulation without forcing @ t ! + v r! ? r 2 ! = 0 (1) r v = ! (2) r v = 0 (3) where ! is the vorticity and v = (u; v) the velocity eld. The computational domain is (x; y) 2 0; 2 ] 0; 2 ] and the ow is supposed to be periodic in both directions. No modi cation of these equations e.g. by hyperviscosity is added. The kinematic viscosity is set to = 2 10 ?3 m 2 =s. As a reference method and in order to determine the initial condition we employ a standard Fourier Galerkin discretization with a pseudo{spectral method 13]. The semi{implicit time scheme is composed of a backward Euler scheme for the viscous term and an Adams{Bashforth scheme for the convection term, both of second order. The time step is t = 10 ?3 s throughout. The minimal spatial step size in all computations corresponds to a 128 2 lattice. This is indeed a rather small resolution but has been chosen here to limit the computational requirements for a rst assessment of the proposed approach's potential. An appropriate initial condition is generated in Fourier space 12]. Choosing the absolute values of the Fourier coe cients of v in an appropriate way with random phase the energy spectrum
and set k 0 = 10, k = 60, where k 0 would in a stationary case correspond to the wavenumber at which energy is injected and k to the wavenumber where energy is dissipated 8]. Spherical truncation is applied, and the evolution of this state is computed during 2s corresponding to 8 initial eddy{turn{over times. The resulting state is well{resolved and exhibits a smooth spectrum with the desired decay ( Fig.1) . It constitutes the initial condition for the subsequent computation, so that we assign it the time t = 0s. In what follows we report only the energy spectrum for clarity recalling that the enstrophy Z can be obtained through the relation Z(k) = k 2 E(k).
3 The employed wavelet algorithm
In 5] we have presented an adaptive wavelet discretization for parabolic nonlinear PDEs. This algorithm has been extended to (1) and discretized in time by the same scheme as employed for the Fourier method mentioned above. Just for presentational ease the algorithm is described here using the similar rst order scheme (implicit Euler for the viscosity term and explicit Euler scheme for the convection term) (I ? t r 2 ) ! j;ix (x) j;iy (y) ; " = 1 j;ix (x) j;iy (y) ; " = 2 j;ix (x) j;iy (y) ; " = 3 (9) where j;i and j;i are the 2 {periodic one{dimensional scaling function and the corresponding wavelet, respectively. Applying a Petrov-Galerkin scheme to (6) with test-functions " j;ix;iy (x; y) = (I ? t r 2 ) ?1 " j;ix;iy (x; y) (10) avoids the solution of a linear system at each time An adaptive discretization is obtained by restricting the index set f(j; i x ; i y )g in (7),(11) to a certain subset. This set is determined from the previous time step by shrinkage according to the required tolerance and adding of neighbors (cf. 7] for details). Roughly speaking, only those coe cients d in (7) expected to be larger than the tolerance are computed. In 6] an adaptive algorithm has been devised which allows the computation of individual coe cients of a lacunary wavelet basis { in contrast to the classical fast wavelet transform (Mallat algorithm). This is accomplished by means of the cardinal function of the (operator{adapted) MRA and nested hierarchical grids. The decay of the resulting lters and their truncation to nite length have been investigated as well 5] . For the computation below we employ cubic spline wavelets. Let us mention that at the present state of the development the convection term is evaluated on a regular grid. The involved terms @ x !, @ y !, and u = ?@ y @ xx + @ yy ! ; v = @ x @ xx + @ yy ! (12) are computed using (2) and (3) by spline collocation and FFT. This point will be improved in the near future by the use of adaptive reconstruction algorithms for the involved terms.
Computational results
The physical process of decaying two{dimensional turbulence is related to enstrophy dissipation in the small scales and to the formation of coherent structures. In other words, although the overall smoothness of the solution increases, local regions of large gradients form where strong vortices are interacting. This is obvious from the vorticity elds and the energy spectra in Fig.1 . At t = 0s the initial vorticity eld of Fig.1 is projected onto a wavelet basis and compressed with a tolerance set to = 10 ?4 s ?1 . The subsequent evolution of the ow eld is then computed in a wavelet basis adapted at each time step as described above using the same tolerance. Since the adaptation process can be interpreted as a wavelet analysis and compression done at each time step, the present computation constitutes a further advancement with respect to 3]. There, a compression (by means of wavelet packets) has been performed for the initial state only while the subsequent evolution was computed with a pseudo{spectral Fourier method. Our results show that substantial savings in the number of degrees of freedom can be obtained when coherent structures are merging. At t = 0s the number of coherent structures is large and they are strongly interacting (weak intermittency). Consequently, almost all coe cients have to be retained, i.e. 15806 out of 16384 with the applied threshold. Relatively soon, however, more isolated vortices or vortex pairs form in which most of the enstrophy is concentrated. This localization is re ected by only local requirement of ne resolution and hence only local use of ner scale basis functions so that the number of active coe cients decreases to 4042 at t = 2s and to 2277 at t = 4s. A nice example is the lower left quarter of Fig.2c (see arrow) depicting the amplitudes of the horizontal wavelets 1 6;ix;iy at t = 2s. A strong vortex straining (see arrow in Fig. 2a ) results in a distribution of amplitudes in similar shape to represent the strong local gradient. It should be recalled that the present resolution is relatively small and that the observed tendency will be more pronounced for a ner discretization with a higher Reynolds number. 
